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TOUCHING CONICS GENERATED
BY FEUERBACH CONFIGURATIONS
AND HOMOTHETY

Sava Grozdev, Veselin Nenkov, Tatyana Madjarova

Abstract. The following assertion gives an interesting relation between
the circumcircle of a triangle and the circle which is inscribed in one of its
angles: A circle w with centre I touches the sides AB and AC of AABC
intersecting the side BC' in points X and Y. If Z is the common point
of the line through A parallel to BC' and the line through I perpendicular
to BC', then the circumcircles of NABC and AXY Z are tangent. The
present paper is dedicated to a generalization of that assertion concerning
suitably constructed inscribed conics in an angle of a given triangle and a
kind of its circumscribed curves.

Key words: Triangle, Conic, Common Points.

Generalization of a geometric problem

Many geometric relations connected with circles could be generalized
for suitable conics. Such a relation will be considered in the sequel gener-
alizing the following problem: The circle w with center I touches the sides
AB and AC of ANABC' intersecting the side BC and X of Y. Let Z be the
common point of the line through A parallel to BC' and the line through I
perpendicular to BC'. Prove that the circumcircles of ANABC and AXY Z

are tangent.

It is clear that it is not possible to generalize the problem for arbitrary
conics. Special ones are needed. A special type of conics unites the curves
belonging to Feuerbach’s configurations [2]. If Iy is an arbitrary point in
the plane of AABC and the points 4, I, Io determine a harmonic trian-
gle to I, then the midpoints of the segments Iyl4, Iolp, Iolc, I4lp, Iplc
and Il lie on a second degree curve k(O) with center O, which is the
circumscribed one of AABC. The center O of k(O) defines conics in a
unique way k, k4, kp and ko with centers Iy, 14, Ip and I, respectively.
The curves k, k4, kg and k¢ touch a special conic €2, named Euler’s curve
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and we say that the curves k(O), Q, k, k4, kp and k¢ determine a Feuer-
bach’s configuration [2]. A basic property of these curves is that they are
homothetic. Any two circles are homothetic [2, 3]. Concretely, the tangent
circle to AB and AC' from the formulated problem is homothetic to the
incircle of AABC with center of homothety A. This is the reason to con-
sider the curve w with center I, which touches the lines AB and AC being
homothetic to k with center of homothety A and coefficient h. Denote by
X and Y the intersection points of w and BC'. Let p be the line trough A
parallel to BC', and ¢ the line through I conjugated to BC' with respect
to k(O). The common point of p and ¢ is denoted by Z.

For the generalization of the problem under consideration it is nec-
essary to determine a suitable circumscribe curve wy of AXY Z. It turns
out that the lines through the midpoints of the sides of AXY Z that are
conjugate to the corresponding sides with respect to k(O) have a com-
mon point W. This is the reason to consider the circumscribe curve wy of
AXY Z with centre W. After several necessary constructions by means of
the software program GSP (The Geometer’s Sketchpad) we notice that the
following assertion holds true:

Assertion 1. The curves wy and k(O) are tangent at T (Fig. 1, 2).

In such a way we have formulated a generalization of the geometric
problem under consideration.

Proof of Assertion 1

The formulation of Assertion 1 is motivated after a certain analysis
of the problem under consideration and observations of the new configura-
tion obtained by means of GSP. We need a strict proof. For the purpose
we will use barycentric coordinates with coordinate triangle ABC, where
A(1,0,0), B(0, 1, 0) and C(0, 0, 1) [1].

Let the coordinate representation of the centre k be Iy(xy, yr, z1)
(x;y + yr + z1 = 1). Then, for the centre w we have that I(h(x; — 1) +
1, hyr, hzr). Tt is known from [2] and [3] that for the coordinates of the
touching points By and C} of k and the lines AC' and AB respectively we
have:

1—221 1—2%1 1—2y] 1—2[17[
B 0 C 0 1
I( 2y[ T 2y[ )7 I( 22[ ’ 22[ ’ ) ()
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It follows from (1) that

B/I <2y]—h(1—233[) 0 h<1—2$1)>’

Y Y

2yr 2yr @)
C/ 22[ — h(l — 2[13[) h(l — 2:1;‘[) 0
d 22] ’ 22[ ’ ’

where B; and C are the tangent points of w with the lines AC' and AB
respectively.

Figure 1.

As shown in [2], the equation of k(O) could be presented in the form

k(O) : z3yz +yrzx + 22wy = 0. (3)

Since the curve w is homothetic to k, it is homothetic to k(O) too.
One of the results in [4] implies the existence of a real number hy with
which the presentation of the equation of w takes the form:

w: hy (27yz + yizx + zjay) + (anz + any + azz) (t+y+2) = 0. (4)

We have to determine the coefficients a1, ase and a3z depending on
ho. We will use the conditions for the points B; and C; to lie on w, namely
hoy%zx + a1« + aszz = 0 and hoz%zx + anx + axy = 0 (they follow from
(2) and (4)). The conditions for the lines AC' and AB to touch w are
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the following (CLH + ass + hoy%) — 4aq1a33 = 0 and (CLH “+ a99 + hgz%) —
4aqia99 = 0 (they follow from (4)). Using the last four equalities we derive
a9 and agz by the use of aj:

[h(1 = 2z1) — 227 [hohz (1 — 227) + 2a411]

22 = 2h(1 — 217) ’
Qo — [h(l — 21‘[) — 2y[] [hohy[(l — 21‘]) -+ 2&11]
5 2h(1 — 2z7) '

The last two equalities and the previous ones imply that

1
ail = Zh0h2 (1 — 21‘[)2,

1
a9 — _Z [22[ — ]’L (1 — 2:131)]2,

1
a5 = —7 2yr — h (1 — 2z;))°.

For the equation of w we obtain that

Y 4 (z7yz + yjzw + zjzy) — h° (1 — 2a7)° x— (5)
C—[2zr—h(1 =22y — [2ur — h (1 —227)]* 2 = 0.

I

o, 0
7z
— B
k(O) B
T

Figure 2.

The next step is to determine relations between the coordinates of
the common points X (0,&,1—¢) and X (0,7,1 —n) of the curve w and the
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line BC'. For the purpose we replace the coordinates of the points X and
Y in the equation (5) of w with x = 0 and z = 1 — y. Thus, we obtain the
quadratic equation:

4h2:c%y2 —4 (:c% + y% — z% + 2hxryr — 2hzrer — hyr + th) Y+
+(2hz +2y —h)* =0

If £ and 7 are the roots, then according to the Vietta formulae we
have:

- (x% + y% - z% + 2hxyr — 2hzrer — hyr + hz;)
n= )

2.2
h=xy

(2ha + 2y — h)? (©)

& = 4h2x%

For the coordinates of the point Z we use that it lies on the line
p: x =1 and the line ¢, determined by the midpoint M, and I. Here are
the parametric equations of ¢:

v=1—h(1-z5)+ [1—h(1l—z)]t,

q:% y=hyr+ [2hyr — (£ +1n)]t,
z=hz+ |2hz; — 2 — (§+77)}t.

The equations of p and ¢ = M, together with the equalities (6)
determine the coordinates of the point Z in the form:

7 (1 h(1 = 2xp)(zr —yr) h(1 —2z1)(yr — 21)
’ 202 ’ 217 '

Finding the coordinates of the point WW we notice, that the vectors

%

U= <U11 =227, ug = h(1 = 2x7) (21 — y1) — 22%,
uzr = h(1 = 2xr)(yr — 2r) — 223(1 - ﬁ)),

Us= <U12 = 227, ugp = h(1 — 2x1)(21 — yr) — 227,

usy = h(1 = 2xr)(yr — 2r) — 223(1 — 77))

are colinear with the lines X7 and Y Z, respectively.
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As shown in [5], the coordinates of their conjugate vectors 17; (v11, Vo1,

v31) and vy (v19, Uae, U32) are expressed with the equalities:

vaj = yjurj + (zr — 21)(1 — yr)ug; — yjus;,

vy = _Z%UIj + Z%U,Qj + (yr —xr)(1 — 27)usj, where j =1, 2.

The coordinates of the midpoints M; and Ms of the segments X7
and Y Z, respectively are expressed in the following way:

My = <m11 = %, map = Mz - yiigl — 21) + g;
- h(yr — ZZE(; — 2x7) N 1 ; 5))
gy — L= zi;(%l —2ep) 1 - n>.

The parametric equations of the lines s; and so, passing through the
midpoints of XZ and Y Z, also conjugated to XZ Y Z, are:

T = mya + v1ato,
Y = Mag + Vaata,
zZ = M3y + U3ala,

T = mq1 + v11ty,
S$1:4Q Y=mo +vat;, Sy
z = mg1 + vs1ty,

From here we obtain the coordinates zy and yy of W (zw, yw, 2w):

Uy
X == )
Vo0 = 22)(1 = 2y (1 — 221)
_ 19?4
W (1= 200 (1 — 297)(1 — 227)

where
9, = {23;% [(zr —yr) (L = 2z1)h + 1 — 221 — 2x7y;] (E+ n)—
— 4a2¢n — (1 — 227)(yr — 21)*h*+
+ 2(1 — 2x1)(y1 — Z])(l — 221 — Qxlyl)h - 437%34%},
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9y = = {203 [(1 = 20)(yr — 20)(1 = 221 — 2eryn)h — 4a3F) (€ + )+
+ 4:1:;-1(1 — 227 — 2wryr)én+
+ (1 — 227 — 2z7yp) [(1 —2a1)*(y — 2)*h*+

+2(1 — 2x7)(yr — 2z1)(1 — 221 — 2x7yr)h + 455%9%} }

Substituting (6) in ¥, and ¥, we obtain:

(1 —2z7)h* —2(1 — x1)h + 2
2 Y
h|dzFyr — h(1 — 2z7)(1 — 221 — 22 1y7))

yw = 422 '

Tw —

In addition using the equality zy = 1 — 2w — yw we find for zy that:

hlager — h(1 — 2001 — 201 — 2212)

ZW =
4:1:%

If the equation of wy is wy = bozyz+bg1zx+broxy +b11x+booy+ b33z =
0, then for the coordinates of the points X, Y, Z and the symmetric points
X and Y with respect to W, we obtain the equalities:

b12 = 433%2%, b23 = 4x§, b31 = 4$%y%,
b11 = h2(1 — 2x1)2(y1 — 21)2, bgg = I’% [h(l — 21’[) — QZI} ,
633 = JT% {h(l — 21'[) — 23/[}
Solving the system with the equations of k(O) and wy together with

xr+y-+2z =1, we deduce that the two curves have only one common point
T(xr, yr, zr) with coordinates:

2 [h(l —9xy) — 2y1} h(1 — 227) — 224]
rT = - - —

hy]<Z] — y[)(l — 23}[) h(l — 2$]) — 2y[
yr = - - )

hz[(y[—z])(l —2:1;‘[) h(l —233[) —QZ[
2T = - —

-
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where

7= (1= 227)*(1 - 2yr)(1 - 2z7)1?
—2(1 — x1)(1 — 2x7)(1 — 2y;) (1 — 227)h + 4x3y; 2.

Thus, Assertion 1 is proved.

Conclusion

Note that Assertion 1 is valid for central conics (Fig. 1, 2), but there
exist Feuerbach’s configurations consisted of parabolas. In such a case w
is a parabola with an infinite center I = [y = O and it is homothetic to
the parabola k with homothety center A. The curves k(O) and wy, which
is a circumscribe one of AXY Z, are parabolas with infinite point 1. It is
true the following:

Assertion 2. The parabolas wy and k(O) are tangent at T (Fig. 3).

Figure 5.

The proof of Assertion 2 is similar to the proof of Assertion 1. The
coordinates of the point T' are expressed with the equalities:

(hxr +yr)(hxr + 2r)
y[Z[(Qh — 1)2 ’

h(zr — yr)(hxr + yr)
Z]l’](Qh — 1)2 ’

h(y[ — Z])(hﬂ?[ + Z])
rryr(2h — 1)

84

yr =

2T =



International Scientific Conference IMEA’2024

Since the homothety coefficient A could take different values, there

exist an infinite set of tangent pairs of curves wy and k(O)for an arbitrary
Feuerbach’s configuration.

Finally, it should be noted that Assertions 1 and 2 are found using

GSP, while the proofs are justified by the program Maple.
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